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Pinned connections and journal bearings with cylindrical conforming contacts are widely used as funda-
mental building blocks in machines and civil structures of civilization. It is critical to determine their
stress ﬁelds and contact performances under desired conﬁgurations in order to successfully design them.
This paper presents a numerical model to deal with such contacts, particularly with the general conﬁg-
uration–double interfaces. Necessary formulae are developed and numerical procedures are described in
this paper. Efﬁcient numerical methods, i.e., the discrete convolution-fast Fourier transformation (DC-
FFT) method and the conjugate gradient method (CGM), are implemented in the algorithm. Validations
are conducted against the Persson’s results and ﬁnite element results and demonstrate excellent agree-
ment. This contact analysis can be useful for design engineers to evaluate stress and contact pressure dis-
tribution. Furthermore, this efﬁcient method of determining radial displacement can be applied in an
elasto-hydrodynamic lubrication analysis.
 2012 Elsevier Ltd. All rights reserved.1. Introduction
A conforming contact has ‘‘surfaces of the two (contacting)
bodies ‘ﬁt’ exactly or even closely together without deformation’’
(Johnson, 1985) and this type of contact is widely applied to vari-
ous mechanical and civil products. In the form of cylindrical inter-
face, a pinned connection is a principal joining and load-bearing
element in countless structures and a journal bearing is ubiquitous
to enable motion through human history. In other words, they are
fundamental building blocks of civilization. Therefore, it is impor-
tant to determine their stress ﬁelds and contact performances un-
der desired conﬁgurations in order to successfully design them.
The Hertz theory, as described in chapter 3 of Johnson (1985), is
best for non-conforming contacts. Under the half-plane/half-space
assumption, it neglects the structural effect of curvature on each
body’s elastic ﬁeld. Since the ﬁrst quarter of last century, there
are continuing efforts to better simulate contacts without such
assumption, for example in the work of Bickley (1928). Based on
the solution of Muskhelishvili (1953) to the problem in Fig. A1,
Loo (1958) obtain an integral expression of displacement along
one ﬁxed direction when two pressure distributions acting on
the periphery of a disc are equal and opposite and each has to be
symmetric. Ng (1964) determined two Green’s functions of radialll rights reserved.displacement in the circular disc due to unit normal and unit shear
tractions at the boundary, respectively, also based on Muskhelish-
vili’s method (Fig. A2). Sundaram and Farris (2010) solved these
two problems as well. Persson (1964) derived an integral equation
for contact problems between the shaft in Fig. A2 and the plate in
Fig. A3 based on the Airy stress function (see Timoshenko and Goo-
dier, 1951). The Green’s functions derived by Persson are listed in
Appendix A in order to compare with functions obtained by others.
His dissertation described the derivation in great details. For cases
where the shaft and the inﬁnite plate with a hole have same mate-
rials, Persson further derived an analytical contact solution and
experimentally veriﬁed it with photoelastic technique:
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where R is the nominal radius, F is the load, a the semi-angle of the
contact, b = tan (a/2), y = tan (u/2), u 2 ½a;a, and p is the pressure
distribution with respect to u. The relationship among load of F,
clearance of DR, and b is governed by
EDR
F
¼ 2ð1 b
2Þ
pb2
 I6
p2b2ðb2 þ 1Þ
; for plane stress ð2aÞ
Nomenclature
b b = tan (a/2)
D inﬂuence coefﬁcients
d rigid body motion in Eq. (30)
d1, d2 Dundurs’s material parameters
E Young’s modulus, Pa
F load, N/m
G Green’s function
I6 deﬁnite integral used by Persson (1964)
i imaginary number,
ﬃﬃﬃﬃﬃﬃﬃ
1
p
N grid number
p pressure distribution with respect to , Pa
R radius of a body, m
DR initial radial clearance or interference, m
u radial displacement, m
W(h) temporary function, tan -1( cot [h/2])
y y = tan (u/2)
a semi-angle of the contact
u circumferential coordinate, u 2 ½a; a
k lamé constants, Em/[(1  2m)(1 + m)]
l lamé constants, l = E/[2(1 + m)]
m Poisson’s ratio
t, q, e, k, q, t dimensionless variables: circumferential displace-
ment, radial coordinates, ratio between ID and OD, con-
stant related to Lame constants, pressure, shear deﬁned
in Eq. (15)
D half interval
Subscripts
1, 2, 3 the shaft, the ring, and the housing
I, II inner and outer interfaces
i, o inner and outer radii
M interface I or II
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Fð1 m2Þ ¼
2ð1 b2Þ
pb2
 I6
p2b2ðb2 þ 1Þ
; for plane strain ð2bÞ
Note that E in Eq. (2a) is replaced by E/(1  m2) in Eq. (2b). The
variable I6 is a deﬁnite integral (Eq. (41.3) in Persson, 1964),Fig. A2. Two problems studied in Ng (1964).I6 ¼
Z b
b
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which has the semi-angle in both the integral limits and in the ker-
nel and was not explicitly expressed by Persson. The classic numer-
ical results in Fig. 67.1 of Persson (1964) (cited in Johnson (1985) as
Fig. 5.4) clearly shows the enormous error if one overstretches the
Hertz theory when the contact size is not signiﬁcantly smaller than
the representative radius. Rao (1978) reviewed studies about pin
joints and described his group’s contributions in this ﬁeld. These
studies are almost all limited to an inﬁnite plate. Mostoﬁ and Gohar
(1980) derived two Green’s functions of radial displacement for the
problems shown in Figs. A3 and A4. Obviously Fig. A2a and Fig. A4
have different loadings. A numerical method is used to ﬁnd the
pressure distribution for the contact problem. Chen and Marshek
(1986) presented a different numerical procedure and their load-
ings for the contact bodies are shown in Figs. A4 and A5,
respectively.Fig. A1. Conﬁguration used in Loo (1958).
Fig. A3. Inﬁnite plate with a hole studied in Persson (1964).Hou and Hills (2001) and Ciavarella and Decuzzi (2001a) inde-
pendently worked out the deﬁnite integral of I6 in Persson’s analyt-
ical solution when the two contacting bodies have identical
Fig. A4. Loading used in Mostoﬁ and Gohar (1980).
Fig. A5. Inﬁnite plate with a hole studied in Chen and Marshek (1986).
Fig. A6. Schematics of a a reinforced pin-loaded joints studied in To et al. (2007).
Fig. 1. Schematics of a double conformal contact.
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angle, the load, and the radial difference:
I6 ¼ 2p ln½cosða=2Þ ¼ p lnðb2 þ 1Þ ð4Þ
Assisted with numerical simulations, Ciavarella and Decuzzi
(2001b) further proposed an approximate solution with one addi-
tional term for dissimilar materials in contact, e.g., for plane stress:
EDR
F
¼ 2ð1 b
2Þ
pb2
 I6
p2b2ðb2 þ 1Þ
 4d2
pð1þ d1Þ ð5Þ
where d1 and d2 are Dundurs’s material parameters.
Iyer (2001) used FEM analysis to study pinned connections with
ﬁnite plates and friction. To et al. (2007) investigated reinforced
pin-loaded joints that are widely used in assembling glass beams
and plates, where a soft layer of a resin with a typical Young’s mod-
ulus of 2 GPa is used to glue the glass and reinforcement ring to-
gether (see Fig. A6 for conﬁguration). All derivation started from
the stress function of Michell type (see Barber, 2002), which is
essentially identical to the Airy function in Timoshenko and Goo-
dier (1951). The elastic ﬁeld inside the soft layer was obtained
when the glass and reinforcement ring were treated rigid and aunit force was applied in the radial direction on the reinforcement
ring. When deriving the Green’s functions of radial displacement at
the inner surface of the ring and at the outer surface of the bolt, a
unit force was ﬁrst considered as a uniformly distributed force over
a small interval and thus be expressed in a convergent Fourier ser-
ies. Once all the coefﬁcients in the Michell stress functions were
determined, they are subject to a limit process with the interval
approaching zero. In this way, two Green’s functions of the radial
surface displacement were derived in the form of inﬁnite summa-
tion: (1) for the inner surface of the ring when its outer surface was
adhered to the soft resin ring which was subsequently adhered to
the hole of a rigid body. (2) for the outer surface of a pin when it
was supported at the center (Fig. A2a). An integral equation of
the contact pressure is obtained in their Eq. (43) with coefﬁcients
deﬁned in their Eq. (44) and load balance in Eq. (59) (2007). One
has to use numerical methods to obtain contact pressure except
when the second Dundurs parameter (D2) is zero and the ring ra-
dius ratio (outer radius divided by inner radius) is less than two
as pointed out in their ﬁnal remarks.
In engineering practice of designing mechanical systems, how-
ever, the conﬁguration in Fig. 1 is very common. For example, a
planet gear can be approximately treated as the outer ring, which
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the shaft. The sleeve bearing can be pressed into the gear with
interference, or can be simply ﬂoating. Thus, there are two contact
interfaces in this type of problem. This conﬁguration covers the
Persson’s problem if the middle ring is absent and the outer diam-
eter of the outer ring is inﬁnite, or in another perspective, the mid-
dle ring’s outer diameter is inﬁnite. Contact problems in real
products by nature is three-dimensional. However, when misalign-
ment is absent, a plane strain problem can be assumed to allow a
simpliﬁed treatment. The forces from the gear meshing is not ra-
dial by all means, so this paper derives the frequency response
function for a ring subject to an arbitrary shear traction to handle
this type of loading. With other necessary functions found in liter-
atures, the radial displacement is numerically and efﬁciently eval-
uated with the discrete convolution-fast Fourier transformation
(DC-FFT) method developed by Liu et al. (2000). The contact prob-
lem is numerically solved by the conjugate gradient method de-
scribed in Polonsky and Keer (1999). Validations are conducted
against the Persson’s result and ﬁnite element results and demon-
strate excellent agreement. This contact analysis can be useful for
design engineers to evaluate stress and contact pressure distribu-
tion. Furthermore, one can apply this efﬁcient method of determin-
ing radial displacement in an elasto-hydrodynamic lubrication
analysis.2. Theory
In this paper, the contact problem in Fig. 1 is considered with
three generic bodies, i.e., the shaft, the ring, and the housing. Sub-
scripts of ‘‘1’’, ‘‘2’’ and ‘‘3’’ are used to identify them respectively
and an additional subscripts of ‘‘i’’ and ‘‘o’’ are used to differentiate
inner and outer quantities. Therefore, R1, R2i, R2o, R3i, and R3o stands
for the radii of the shaft, the inner and outer interfaces of the ring,
and the inner and outer surface of the housing, respectively. In this
study, all friction forces on interfaces are neglected, although re-
lated formulae are provided in this paper.
There are two contact interfaces among the three bodies, i.e., (1)
Contact interface ‘‘I’’ between the shaft and the ring inner surface,
where the contact pressure of pI and the surface gap of hI are point-
ing in the radial direction; (2) Contact interface ‘‘II’’ between the
housing bore and the ring outer surface. Similarly, the contact
pressure of pII and the surface gap of hII are acting in the radial
direction.
Before a set of governing equations for these two interfaces is
written, one has to determine radial deformations for all bodies in-
volved. In this section, equations are shown for the plane strain
problem, but one can ﬁnd the relevant solutions for the plane
stress in the appendix or with necessary replacements of the mod-
ulus and the Poisson’s ratio.
In order to write shorter equations in this paper, a temporary
function is deﬁned as follows
WðhÞ ¼ tan1ðcot½h=2Þ ð6aÞ
where ‘‘cot’’ stands for the cotangent function and note that
cot h2 ¼ sin h1cos h. When |h| is less than 2p, one can prove that
2WðhÞ ¼ psignðhÞ  h ð6bÞFig. 2. Discrete interface.2.1. Shaft subject to two balanced normal loads
Figure A4 shows a shaft of a radius of R1 with material proper-
ties of E1 and v1. It is subject to a unit radial force on the surface
and a balancing force at the center. For the shaft radial deforma-
tion, the Green’s function can be isolated out from Eq. (35.1) in
Persson (1964) or excerpted from Ng (1964) (subject to correction,see Appendix A for details). Without repeating lengthy derivation,
the Green’s function is shown as,
G1ðhÞ ¼ 1þ m1pE1 R1 ð1 m1Þfcos h lnð2 2 cos hÞ þ 1g  ð1 2m1Þ sin hWðhÞ þ
cos h
2
 
ð7Þ
and when a distributed pressure is applied on the shaft surface, the
radial displacement on the surface pointing toward the center is ex-
pressed as,
u1ðhÞ ¼
Z p
p
pIðuÞG1ðhuÞdu ð8Þ
After discretization, the pressure can be replaced by piece-wise
uniform discrete pressure with an interval of 2D = 2p/N, where N is
the mesh number along the circumferential direction (Fig. 2). Inﬂu-
ence coefﬁcients are deﬁned as the response due to a uniformly
distributed excitation with the magnitude of a unity and can be
written as,
D1ðmÞ ¼
Z ð2mþ1ÞD
ð2m1ÞD
G1ðuÞdu ð9Þ
where m is the index in the circumferential direction, m e (N/
2, N/2] including m = 0. The inﬂuence coefﬁcients can be analyti-
cally determined by using the following indeﬁnite integral
pE1
ð1þ m1ÞR1
Z
G1 du ¼ ð1 m1Þ sinu lnð2 2 cosuÞ
þ ð1 2m1Þ cosuWðuÞ ð10Þ
The ﬁrst part of Eq. (10) is zero at u = 0, however, it should be
noted that the odd function cos uW(u) is not a continuous
function at u = 0 (see Appendix B): cosuWðuÞj0þ ¼ p and
cosuWðuÞj0 ¼ p. Therefore, when integral limits have different
signs, one should divided it into two integrals where one of the
limit as zero, i.e.,
R c2
c1 G1 du ¼
R 0
c1 G1 duþ
R c2
0þ G1 du. In case of
c1 = c2,
R c1
c1 G1 du ¼ 2
R c1
0þ G1 du.
2.2. Hole in an inﬁnite plate subjected to a normal load
Figure A3 shows a hole of radius R3i in an inﬁnite plan with
material properties of E3 and v3. The Green’s function of the radial
displacement under a unit radial load can be isolated out from Eq.
(35.1) in Persson (1964) as well and be written as,
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cos h
2
 
ð11Þ
Note that Eqs. (7) and (11) look quite close. When a distributed
pressure is applied on the hole surface, the radial displacement on
the surface pointing away from the center is expressed as an
integral,
u3iðhÞ ¼
Z p
p
pIIðuÞG3iðhuÞdu ð12Þ
One can also deﬁne inﬂuence coefﬁcients as
D3iðmÞ ¼
Z ð2mþ1ÞD
ð2m1ÞD
G3iðuÞdu ð13Þ
It can be shown that the indeﬁnite integral of the above equation is
written as
pE3
ð1þ m3ÞR3i
Z
G3idu ¼ ð1 m3Þ½sinu lnð2 2 cosuÞ u
 ð1 2m3Þ½sinuþ cosuWðuÞ ð14Þ
Thus the inﬂuence coefﬁcients can be analytically determined.
2.3. Ring with distributed tractions on both surfaces
Figure 3 shows a generic ring of radii Ro and Ri with material
properties of Er and vr. It can be either the ring or the housing in
Fig. 1. Tractions of pressure and shear are applied on its inner
and outer surfaces, respectively. Since the ring has to be self bal-
anced, unlike a majority of problems dealt with in literature, one
may not be able to use the superposition principle, but has to solve
it as a whole with given boundary conditions. If shear traction is
absent, i.e., only pressures are non-zero loading, this problem has
been solved in Section 3.19 of Ling et al. (2002) by a ﬁnite Fourier
transform method. Based on their idea, their solution is extended
in this paper to include shear tractions. Dimensionless variables
deﬁned in Ling et al. (2002) are adopted here, i.e.,Fig. 3. Schematics of a ring subject to surface tractions.u ¼ ur
Ro
; t ¼ th
Ro
; q ¼ r
Ro
; e ¼ Ri
Ro
; k ¼ kr þ lr
lr
qi ¼
pi
lr
; qo ¼
po
lr
; ti ¼ silr
; to ¼ solr
ð15a—iÞ
where kr ¼ mrErð12mr Þð1þmr Þ, lr ¼ Er2ð1þmr Þ are the Lamé constants. The radial
displacement of u is pointing away from the center. The boundary
condition shown in Eqs. (3.131) and (3.132) in Ling et al. (2002)
are revised here to reﬂect the shear tractions,
At the outer boundary, q = 1
rqð1; hÞ ¼ qoðhÞ ð16Þ
rqhð1; hÞ ¼ toðhÞ
At the inner boundary, q = e
rqðe; hÞ ¼ qiðhÞ ð17Þ
rqhðe; hÞ ¼ tiðhÞ
Fourier series of the radial displacement is expressed as, for
example
~uðq;nÞ ¼
Z p
p
uðq; hÞeinhdh; 1 6 n 61 ð18a;bÞ
~tðq;nÞ ¼
Z p
p
tðq; hÞeinh dh; 1 6 n 61
where the tilde means the transform. The solution procedure in Ling
et al. (2002) gives the Fourier series term by term after satisfying
the stresses at two boundary surfaces. This principle is utilized in
this paper. In the following, the members of ﬁve Fourier series for
the elastic ﬁeld (u; t; rq; rh; rqh) are deﬁned when n takes
different values, i.e., 0, 1, and others.
(a) When n = 0, one can ﬁnd
~uðq;0Þ ¼ A10qþ A20q1 ð19a—eÞ
~tðq;0Þ ¼ A30qþ A40q1
~rqðq;0Þ ¼ 2A10k 2A20q2
~rhðq;0Þ ¼ 2A10kþ 2A20q2
~rqhðq;0Þ ¼ 2A40q2
where A30 and A40 are introduced to account for the circumferential
displacement, t, and A30 = 0 when the rigid body rotation is ex-
cluded. Two known pressure distributions on the inner and outer
surface result in
A10 ¼
~qoð0Þ  e2~qið0Þ
2kðe2  1Þ ð20a;bÞ
A20 ¼ e
2½~qoð0Þ  ~qið0Þ
2ðe2  1Þ
which agree with Eq. (3.140) in Ling et al. (2002). Based on the shear
tractions, A40 is obtained asc
A40 ¼ e
2
2
~tið0Þ ¼ 12
~toð0Þ ð21Þ
Equation (21) also indicates the moment equilibrium
~toð0Þ ¼ e2~tið0Þ ð22Þ
It should be noted that Eq. (22) can be derived from the deﬁni-
tion of Fourier series in view of the moment equilibrium.
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~uðq;1Þ ¼ A11q2 þ A21q2 þ A31 lnq ð23a—eÞ
~tðq;1Þ ¼ ið3kþ 2Þ
k 2 A11q
2  iA21q2 þ iA31 kkþ 2þ lnq
 
~rqðq;1Þ ¼ 4A11kqk 2  4A21q
3 þ 2ð2kþ 1ÞA31
kþ 2 q
1
~rhðq;1Þ ¼ 12A11kqk 2 þ 4A21q
3  2A31
kþ 2q
1
~rqhðq;1Þ ¼ i 4A11kqk 2 þ 4A21q
3 þ 2ð2kþ 1ÞA31
kþ 2 q
1
 
In Eq. (23a) a rigid body motion of the entire ring is neglected.
Boundary conditions yield
A11 ¼ k 28kðkþ 1Þð1þ e2Þ ½~qoð1Þ þ i
~toð1Þ  iðk 2Þ4kð1 e4Þ
 ½~toð1Þ þ e3~tið1Þ ð24a;b; cÞ
A21 ¼ e
2
8ðkþ 1Þð1þ e2Þ ½~qoð1Þ þ i
~toð1Þ þ ie
3
4ð1 e4Þ ½e
~toð1Þ
þ ~tið1Þ
A31 ¼  kþ 24ðkþ 1Þ ½~qoð1Þ þ i
~toð1Þ ¼  kþ 24ðkþ 1Þ e½~qið1Þ  i
~tið1Þ
Coefﬁcients A11, A21, and A31 here are a general form of A1, A2,
and C2 in Ling et al. (2002). Note that expressions of Eq. (3.142)
in Ling et al. (2002) are for problems with pressure only, also it
should be mentioned that somehow the expressions of coefﬁcients
following Eq. (3.142) have typos and are different from the above
expressions omitting the terms associated with shear traction.
Equation (24c) shows ~qoð1Þ þ i~toð1Þ ¼ e½~qið1Þ  i~tið1Þ, which
satisﬁes the equilibrium condition.
Surface displacements, i.e., displacement with q = 1 or , de-
serves a close look. If all three coefﬁcients of Ai1 are real (not imag-
inary), ~uðq;1Þ is a real constant and can be considered as rigid
body motion of the surface. Thus, it can be neglected in the contact
displacement determination. The following three cases give real
coefﬁcients of Ai1, when the ring is subject to
1. symmetric pressures, i.e., ~qo and ~qi are real and even;
2. an odd function of shear, i.e., ~to and ~ti are imaginary and odd;
3. the combination of both tractions in case 1 and 2.
(c) When |n| > 1, the elastic ﬁeld is written as, similar to page
124 in Ling et al. (2002),
~u ¼ B1q1þjnj þ B2q1jnj þ B3q1jnj þ B4qjnj1 ð25a—eÞ
~t ¼ i2kþ kjnj þ 2
kjnj  2 B1q
1þjnj  iB2q1jnj  i kjnj  2k 2kjnj þ 2 B3q
1jnj
þ iB4qjnj1
~rq
2
¼ B1qjnj kðjnj  2Þðjnj þ 1Þkjnj  2  B2q
jnj2ðjnj þ 1Þ
 B3qjnj kðjnj þ 2Þðjnj  1Þkjnj þ 2 þ B4q
jnj2ðjnj  1Þ
~rh
2
¼ B1qjnj kðjnj þ 2Þðjnj þ 1Þkjnj  2 þ B2q
jnj2ðjnj þ 1Þ
þ B3qjnj kðjnj  2Þðjnj  1Þkjnj þ 2  B4q
jnj2ðjnj  1Þ~rqh
2i
¼ B1qjnj kjnjðjnj þ 1Þkjnj  2 þ B2q
jnj2ðjnj þ 1Þ þ B3qjnj kjnjðjnj  1Þkjnj þ 2
þ B4qjnj2ðjnj  1Þ
and all of which are functions of (q, n). Note that the displacement
in the circumferential direction follows Eq. (3.139) on page 122 in
Ling et al. (2002), not the one on page 124. Boundary conditions
give four linear equations as what shown on pages 124–125 of Ling
et al. (2002) (note that the right hand side vector on page 125 of
Ling et al. (2002) should be ½0;~qaðnÞ; 0;~qbðnÞ). After solving these
equations, one can obtain,
B1 ¼ 2 kjnjkð1þ jnjÞ f
Moðjnje2jnjC1 þ e2C2Þ Miejnjþ2ðjnjC1 þ C2Þ
D
þ i½
~toðnÞ þ ejnjþ2~tiðnÞ
2jnjC3 g
B2 ¼ jnj1þ jnj f
Moe2jnjþ2ðjnjC1 þ C2Þ Miejnjþ2ðjnje2jnjC1 þ e2C2Þ
D
 ie
jnjþ2½ejnj~toðnÞ þ ~tiðnÞ
2jnjC3 g
B3 ¼ kjnj þ 2kðjnj  1Þ
 Moe
2jnjðjnjC1 þ e2C2Þ Miejnjþ2ðjnje2jnjC1 þ C2Þ
D
ð26Þ
B4 ¼ jnjjnj  1
Moe2ðjnje2jnjC1 þ C2Þ Miejnjþ2ðjnjC1 þ e2C2Þ
D
where
C1 ¼ 1 e2 ð27a—fÞ
C2 ¼ 1 e2jnj
C3 ¼ 1 e2jnjþ2
D ¼ 4ðn2C21e2jnj  C22e2Þ
MoðnÞ ¼ ~qo  iðjnj  2ÞjnjC3 ½
~toðnÞ þ ejnjþ2~tiðnÞ  ie
jnjþ2
C3
½ejnj~toðnÞ þ ~tiðnÞ
MiðnÞ ¼ ~qi  iðjnj  2Þe
jnj
jnjC3 ½
~toðnÞ þ ejnjþ2~tiðnÞ  iC3 ½e
jnj~toðnÞ þ ~tiðnÞ
Same three cases give real coefﬁcients of Bi. It is found in the
numerical excises that it is better to include both real and imagi-
nary part in the code. Finally, with Eq. (15a), we can obtain the ra-
dial displacements on the inner and outer surfaces of ring as,
uiðhÞ ¼ Rouðe; hÞ ð28a;bÞ
uoðhÞ ¼ Rouð1; hÞ
where the negative sign in Eq. (28b) is due to the fact that u is
pointing away from the center. Numerical simulation can only
take ﬁnite Fourier series, thus a period of Fourier series with
N=2þ 1 6 n 6 N=2 is used to reconstruct the radial displacement
in the space domain.
uðq; hÞ ¼ 1
2p
PN=2
n¼N=2þ1
~uðq;nÞeinh ð29Þ
It should be mentioned that this is not frequency response func-
tion for this ring, nor inﬂuence coefﬁcients, since the superposition
principle is not applicable.
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The conforming contact among the shaft, the ring, and the
housing has two contacting interfaces. Equations in Sections 2.1
and 2.2 and Eq. (28) show radial displacements which increase
the gap on each interface, and therefore, radial gaps of two contact
interfaces can be deﬁned as
hIðhÞ ¼ u2iðhÞ þ u1ðhÞ þ ðR2i  R1Þð1 cos hÞ  d cos h ð30ÞhIIðhÞ ¼ u3ðhÞ þ u2oðhÞ þ ðR3i  R2oÞð1 cos hÞ  d cos h
where d is the unknown rigid body approach. Quantities of ui
are radial displacements at each surface. It should be pointed out
that the rigid body approach is multiplied by a cosine in the gap
equation. Note that both radial differences, i.e., R2i  R1 and
R3i  R2o, are positive to reﬂect clearance ﬁts. The contact problems
are governed by inequality expressions: (1) In the contact region,
constrains can be whenever hMðhÞ ¼ 0,
pMðhÞ > 0 ð31Þ
whereM = I or II. On the other hand, (2) in the non-contact area, one
has whenever hMðhÞ > 0,
pMðhÞ ¼ 0 ð32Þ
The load applied on the system, F, has to be balance, therefore,
the condition of equilibrium leads to
RM
Z p
p
pMðhÞ cos hdh ¼ F ð33a;bÞRM
Z p
p
pMðhÞ sin hdh ¼ 0
RM can be R1 when M = I and R2o when M = II. It is very unlikely
one can have analytical solutions for this complicated contact
problem.3. Numerical procedure
The governing Eqs. (30)–(32), (33a), (b) in a general problem
should be solved by an iteration process, which needs a repeatedly
huge number of operations on the displacement evaluation. An
efﬁcient method is desired to reduce computation time. After dis-
cretization, the pressure and shear tractions can be replaced by
piece-wise uniform discrete series with a half interval of D = p/N,
where N is the mesh number along the circumferential direction
(see Fig. 2). The discrete angle in the circumferential direction hi
has a range of [p, p]. The desired outputs of pressure are denoted
as pIi and pIIi. With inﬂuence coefﬁcients expressed in Eqs. (10) and
(14), one can utilize the discrete convolution and FFT (DC-FFT)
method described in Liu et al. (2000) for the shaft or the inﬁnite
plate without a domain extension. The DC-FFT method does not
add any numerical error and is straightforward in terms of pro-
gramming. For the displacement of a ring, the solving procedure
is slightly different: (1) Use FFT to obtain the Fourier series of pres-
sure and shear tractions; (2) substitute the elements of two Fourier
series into Eqs. (25a), (26-18) to obtain the elements of the Fourier
series of displacement; (3) apply inverse FFT to Eq. (29) to obtain
the displacement. In the code, it is noted that the inﬂuence coefﬁ-
cients in Sections 2.1 and 2.2 are symmetric so they can be evalu-
ated at m e [0, N/2] and values m e [1, N/2  1] can be mirrored to
m e (N/2, 1]. The integral limits in Eqs. (9) and (13) with
m e [0, N/2] have positive values except at m = 0, where the limits
are –D and D. One has to pay attention to the discontinuity of
the odd function cos uW(u).Polonsky and Keer (1999) designed a fast single-loop iteration
scheme based on the conjugate gradient method (CGM) to solve
an isothermal contact problem. Their CGM-based iteration scheme
is adopted into the current work for solving double conforming
contact problem. Some new features of the algorithm for the dou-
ble contacts are highlighted here. The load balance is enforced in
each iteration inside this single-loop iteration scheme with a toler-
ance of 0.1%, i.e., (M = I or II)
RM
PN
i¼1
pMi cos hi  F

 < 0:001F ð34Þ
RM can be R1 when M = I and R2o when M = II. The convergence
of pressure at each interface is controlled at a relative error of
5  105, i.e.
2pRM
PN
i¼1
jpnewMi  poldMi j 6 5 105NF ð35Þ
where superscript of ‘‘new’’ stands for the quantity obtained in
the current iteration step, while superscript of ‘‘old’’ for that ob-
tained in the last iteration step. N again is the mesh number.
Initial values ofpIi andpIIihaveuniformdistributionover a region,
say hi e [p/2, p/2], with the magnitude of F=ðRD
Phi6p=2
hiPp=2 cos hiÞ,
where R is the proper radius for that interface. In general, the inter-
face with less clearance undergoes a complete CGM procedure ﬁrst,
followed by the other interface. A complete CGM procedure, e.g., for
interface ‘I’, yields a pressure distribution pIi satisfying the conver-
gence criteria expressed in Eqs. (34a) and (35a) when the pressure
on the outer ring surface is the last updated pIIi. The displacements
in each iteration of the CGM procedure are updated every time.
A global step consists of two such complete CGM procedures for
both interface, respectively, with a proper order. Finally, there is a
global criterion of convergence, which is implemented to control
the interaction between these two contacts. In other words, the
contact pressure on one side of the ring is convergent only when
the pressure on the other side of the ring has negligible changes
in the subsequent simulation. This principle is expressed as,
2p R1
PN
i¼1
jpLþ1Ii  pLIij þ R2o
PN
i¼1
jpLþ1IIi  pLIIij
 
6 1 103NF ð36Þ
where ‘‘L’’ stands for the global step number. Once pressure dis-
tributions on both sides of the ring are determined, the stress ﬁeld
inside the ring can be calculated at different radius using the for-
mulae in Section 2.3 and FFT. Several validations of this contact
algorithm are reported in the next section.
4. Validation
In this section, equations listed in this paper are veriﬁed, as well
as the contact algorithm. The grid number N is 512 in the code.
Simulation parameters for Example A are as follows: Shaft radius
of 6 mm; hole radius of 6.025 mm; load of 250 N/mm; both the
shaft and the plate are made of a material with E of 73 GPa and v
of 0.3. Figure 4 and Table 1 show the comparison among the Pers-
son’s analytical solution (1964) with I6 provided by Hou and Hills
(2001) and Ciavarella and Decuzzi (2001a), the result by overstret-
ching the Hertz theory, and the numerical result. It is clear that the
numerical result agrees with the Persson’s theory and as expected
the Hertz theory underestimates the maximum contact pressure
and overestimates the semi-contact angle. This example veriﬁes
Eqs. (10) and (14) and the contact algorithm for one interfaces.
In order to validate the contact simulation involving a ring, the
radial thickness of the ring is chosen to be sufﬁciently large in
Example B so that the contacts at ring ID and OD can be approxi-
mately evaluated with the Persson’s theory as two separate 2-body
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Fig. 4. Pressure distribution in the circumferential direction: two-body, identical
material, inﬁnite plate.
Table 1
Comparison of contact performance.
Max pressure (MPa) Semi-contact angle (deg)
Numerical 52.575 29.883
Persson 52.499 29.874
Hertz 46.983 32.281
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Fig. 6. Pressure distributions on the ring surfaces, current model vs FEA.
48
52
56
60
64
0 1 2 3 4 5
Radius-R1 (mm)
vo
n 
M
is
es
 s
tre
ss
 (M
P
a)
-72
-68
-64
-60
-56
ra
di
al
 s
tre
ss
 (M
P
a)
FEM-von Mises
Model-von Mises
FEM-radial
Model-radial
Fig. 7. von Mises and radial stress proﬁles in the ring at h = 0.
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dius of 10.97 mm; hole radius of 2006.53 mm; inner radius of
the ring as 11.0 mm; outer radius of the ring as 2006.5 mm, load
of 243.4 N/mm; both the shaft and the plate are made of a material
with E of 73 GPa and v of 0.3, but the ring is made of another mate-
rial with E of 205 GPa and v of 0.29. Again, the agreement with the
Persson’s results in Fig. 5 provides conﬁdence of the formulae in
Section 2.3 and the contact algorithm of two interfaces.
Considering a ring with a realistic size, Example C has the shaft
radius of R1, the inner radius of the ring as R1 + 0.0295 mm, and the
outer radius of the ring as R1 + 4.7385 mm. The ring has E =
105 GPa and v = 0.33. The shaft and the housing have E = 207 GPa
and v = 0.3. Other parameters are listed as follows: inner radius
of the housing as R1 + 4.778 mm; outer radius of the housing as
R1 + 41.5085 mm; load of 1221.25 N/mm. In this example, the
outer surface of the housing is subject to both shear and pressure
tractions. Their locations are at hi = p/2 and hi = p/2. The total
normal and shear forces are 299.54 N/mm and 610.62 N/mm at
each location in the FEA model. These forces are approximated
by tractions over [D, D], i.e., over one grid in the code. Figure 6
shows a comparison between FEA and current model with very
good agreement. FEA method, however, depends on the mesh
generation, and in this speciﬁc FEA result, there is oscillation/noise
in the numerical result. Like the surface radial displacement, the0
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Fig. 5. Pressure distributions on thestress inside the ring can be evaluated in the code. A comparison
of von Mises and radial stress along at h = 0 indicates satisfactory
agreement with FEA results, see Fig. 7.
5. Conclusions
With a numerical model, this paper studies a double conform-
ing contact, which can be found in pinned connections and journal
bearings. Green’s functions available in literature for a shaft and an
inﬁnite plate with a hole are analytically converted into inﬂuence
coefﬁcients. A general solution in terms of Fourier series is derived
for a ring subject to both pressure and shear tractions on its inner
and outer surfaces. These formulae are integrated into a model
together with the FFT and the conjugate gradient method. Various
validations have been conducted and the model’s outputs are
satisfactory. This contact analysis can be useful for design0.0
0.1
0.2
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ring surfaces: (a) ID and (b) OD.
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nally, this efﬁcient method of determining radial displacement
can be integrated into elasto-hydrodynamic lubrication analyses.
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Lorena Fogg for their valuable inputs.Appendix A. Green’s functions derived in literatures
A.1. Persson’s solution
Persson (1964) started his derivation from the Airy stress func-
tion originally given by Michell as cited in Timoshenko and Goo-
dier (1951), Eq. (80), in series form. After omitting lengthy
derivation, Eqs. (35.1) and (35.2) in Persson (1964) are re-produced
below. Equation (A.1) give the total relative radial displacement
between the shaft (body 1 with subscript 1) and the inﬁnite plate
with a hole inside (body 2 with subscript 2) in the case of plane
stress, (Fig. A2a and Fig. A3)
 R1
pE1
Z a
a
pðwÞ½ð1þ nÞ cos# lnð1 cos#Þ þ 1 k sin#Wð#Þ
þ D cos#dwþ C cosu ðA:1Þ
where the function W(#) is deﬁned in Eq. (6) or the nomenclature
and
D ¼ 1þ m1 þ nð1þ m3Þ
2
þ ð1þ nÞ ln 2 3 m3
2
n
Z 1
a
dr
r
 1þ m1
2
Z a
0
dr
r
ðA:2Þ
n ¼ E1
E3
; k ¼ 1 m1  nð1 m3Þ; # ¼ u w
The last term of Eq. (A.1) is a rigid body motion between the
two bodies. For the case of plane strain, E in this solution is re-
placed by E/(1  m2) and m by m/(1  m). Inside D, the ﬁrst integral
attributes to the plate and the second one from the shaft. After dis-
carding the two integrals inside D, one can extract two Green’s
functions from Eq. (A.1):
(a) Plane stress
(a.1) For the shaft  R1
pE1
cos h lnð2 2 cos hÞ þ 1 ð1 m1Þ sin hWðhÞ þ 1þ m12 cos h
ðA:3Þ
(a.2) For the inﬁnite plate with a hole  R3ipE3 cos h lnð2 2 cos hÞ þ ð1 m3Þ sin hWðhÞ þ
1þ m3
2
cos h
ðA:4Þ
(b) Plane strain
(b.1) For the shaft R1ð1þ m1Þ
pE1
ð1 m1Þfcos h lnð2 2 cos hÞ þ 1g
 ð1 2m1Þ sin hWðhÞ þ 12 cos h

ðA:5Þ(b.2) For the inﬁnite plate with a hole
 R3ið1þ m3ÞpE3 ð1 m3Þ cos h lnð2 2 cos hÞ þ ð1 2m3Þ
 sin hWðhÞ þ 1
2
cos h

ðA:6ÞA.2. Ng’s solutions
The Green’s function of the radial displacement in Fig. A2a can
also be found in Ng (1964) after a sign adjustment,
 R1
4pl1
1þ j
2
½cos h lnð2 2 cos hÞ þ 1 þ cos hþ ð1 jÞ

 sin hWðhÞ

ðA:7Þ
j ¼ 3 m
1þ m
where for plane stress and j = 3  4m for plane strain. Note that
‘‘(1 + j)’’ in Ng’s Eq. (17) is replaced by (1  j) here to be
consistent. This typo was not corrected in Eq. (8.83) in Ling et al.
(2002). Ng (1964) also gave the Green’s function of the radial
displacement due to shear forces (see Fig. A2b)
R1
4pl1
1þ j
2
sin h lnð2 2 cos hÞ þ ð1 jÞ cos hWðhÞ þ sin h
 
ðA:8Þ
One can ﬁnd solutions to these problems in Sundaram and Far-
ris (2010).
A.3. To’s solution
To et al. (2007) derived the Green’s function (Fig. A2a) in the
form of summation which is directly cited from their Eq. (30) as
follows,
 R1
l1
P1
n¼0
Bn cosnh ðA:9Þ
where
B0 ¼ 1 j8p ; B1 ¼
jð3 j 4 lnR1Þ
8pð1þ jÞ ;
Bn ¼ j nj n 14pðn2  1Þ nP 2 ðA:10Þ
But it seems unusually that R1 appearing in B1.
A.4. Mostoﬁ and Gohar’s solution
Mostoﬁ and Gohar (1980) investigate the Green’s function in
the inﬁnite plate with a hole subjecting a unit radial force at the
boundary of the hole (Fig. A3). However, his Eq. (13) can be further
simpliﬁed and one can re-write it as
R3ið1þ m3ÞpE3 ½ð1 m3Þ cos h lnð2 2 cos hÞ 
1 2m3
2
h sin hþ C cos h
ðA:11Þ
where C is an unknown constant. In view of Eq. (6b), one can see
that it is close to Eq. (A.6).
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and Marshek (1986) for problems of Figs. A4 and A5
Mostoﬁ and Gohar (1980) and Chen and Marshek (1986) stud-
ied the problems shown in Figs. A4 and A5. With the plane strain,
it is found that
KaR1 cos h ln tan h2


 
þ 1
 
þ KbR1 sin h ðshaft in Fig:A4Þ
ðA:12Þ
KaR3i cos h ln tan h2


 
þ KbR3i sin h ðplate in Fig:A5Þ ðA:13Þ
where Ka ¼ 2ð1m2ÞpE and Kb ¼ ð1þmÞð12mÞ2E . In Chen and Marshek (1986)
these solutions are accredited to Woodard’s thesis in 1976 and
Muskhelishvili’s book. Note that Mostoﬁ and Gohar used sin |h|,
which may be a typo.
A.6. Loo’s solution
Loo (1958) studied the case when loading is deliberately ap-
plied along one of the Cartesian coordinates (Fig. A1). Based on
the Muskhelishvili’s solution, Loo’s Eq. (10) showed that the dis-
placement along the force direction can be expressed
uxðR1; nÞ ¼ KaR1
Z u
u
pðhÞ ln tan jn hj
2
þ cos n cos h
 
dh ðA:14Þ
When each pressure distribution is symmetric. Note that it is not a
radial displacement and the integral is nor a convolution. It is found
that if one use the following identity in his Eq. (7)
2 cos h cos n ¼ cosðn hÞ þ cosðnþ hÞ ðA:15ÞFig. A7. Comparison among different Green’s functions for a shaft.
Fig. A8. Discontinuity in function cos uW(u).The displacement can be written in the form of a convolution as
uxðR1; nÞ ¼ KaR1
Z u
u
pðhÞ ln tan jn hj
2
þ cosðn hÞ
 
dh ðA:16Þ
However, one should be noted that the expression inside the
kernel is not a Green’s function.
A.7. Comparison
Figure A7 shows the comparison among different Green’s func-
tion for a shaft with a radius of a unity. Notation ‘‘MG’’ stands for
Mostoﬁ and Gohar’s formulae in Eq. (A.12). A numerical result from
FEA is obtained with a nodal force of a unity. After rigid body mo-
tion adjustment it agrees with the Green’s function extracted from
the Persson’s solution.
u1ðAbaqusÞl  0:37 cosuþ G1ðPerssonÞl
Obviously, the results from MG and Loo are very close when the
angle is small.
Appendix B. Indeﬁnite integrals and discontinuity
Z
½cos h lnð2 2 cos hÞ þ 1dh ¼ sin h½lnð2 2 cos hÞ  1 þ Constant
ðB:17Þ
Z
sin hWðhÞdh ¼
Z
sin h tan1 cot
h
2
 
dh ¼  cos hWðhÞ  sin h
2
þ Constant
ðB:18Þ
Note that cosuW(u) is not a continuous function at u = 0, see
Fig. A8.
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